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We introduce the definition of generic bound entangle- 
ment for tlie case of continuous variables. We provide some 
examples of bound entangled states for that case, and discuss 
their physical sense in the context of quantum optics. We 
rise the question of whether the entanglement of these states 
is generic. As a byproduct we obtain a new many parameter 
family of bound entangled states with positive partial trans- 
pose. We also point out that the "entanglement witnesses" 
and positive maps revealing the corresponding bound entan- 
glement can be easily constructed. 
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Entanglement is a fascinating property of quantum 
states evoking fundamental as well as practical 

questions. In the context of information theory, it has 
been proven to be useful in quantum cryptography 
quantum dense coding B , quantum teleportation and 
quantum computation Tq]. In order to make entangle- 
ment useful despite of the noise coming from interac- 
tions with environment, the idea of noisy entanglement 
distillation has been introduced The distillation prob- 
lem, i.e. the question which states are distillable, has 
a simple solution for low dimensional quantum systems: 
two spin-i particles, or spin-1 plus spin-i systems 
In those cases any noisy entanglement can be distilled 
to maximally entangled form: For larger spins the ex- 
istence bound entanglement (BE) i. e. entanglement 
which is not distillable has been demonstrated BE 
represents the result of nontrivial irreversible process in 
which entanglement is confined to the physical system. 
It was shown that there is connection of BE with other 
very interesting quantum phenomena, called nonlocality 
without entanglement (see for discussion). 

It is not trivial to provide examples of states which 
are BE. It has been shown ||] that any state which is 
entangled and at the same time satisfies positive partial 
transpose (PPT) condition is bound entangled. The 
existence of PPT entangled states was discussed in 
and the first explicit examples were provided in . The 
first systematic procedure of constructing such states, 
employing unextendible product basis (UPB) was pro- 
vided in Refs. In the mathematical literature the 
first examples of matrices which can be treated as pro- 
totypes of PPT entangled states were provided by Choi 
p6[ . Here, we shall use the generalised structure of the 
Choi matrices to provide the first examples of PPT en- 
tangled states for continuous variables. 



Let us recall that the PPT separability condition , 
applied to a density matrix g requires that the partial 
transposed matrix g'^'^ is still a legitimate state. The ma- 
trix g)"^^ associated with an arbitrary product orthonor- 
mal \i,j) basis is defined as: 

e'mM.ni/ = {m,fJ.\g'^''\n,iy) = £i™^,„^, (1) 

and the Peres criterion ||l2| requires that g'^'^ > for 
separable g. This statement is valid also for the cases 
when the state is defined on infinite dimensional Hilbert 
space. 

Although the existence of BE states for finite dimen- 
sions has been proved, it has not been known so far 
whether nontrivial examples of BE states exist in the 
infinite dimensional case. In fact, main investigations of 
entanglement in the continuous variables area were per- 
formed for pure states resulting in nonlocality effects , 
new versions of teleportation p9[|, q uantum computation 
pO| , quantum error correction ]2ip and quantum dense 
coding For mixed states, however, the PPT condi- 
tion for continuous variables has been, so far, analysed 
only in situations, in which it is necessary and sufficient 
for separability. In particular, it has been shown this is 
the case for Gaussian states |2^j2^ . 

In this paper we discuss bound entanglement for con- 
tinuous variables. We define the requirement any generic 
bound entangled state must satisfy in that case. We 
provide the first examples of nontrivial PPT entangled 
states, ergo BE states for continuous variables. We rise 
the question how generic they are, and discuss also the 
problem of physical realization of such states. 

Of course, one can simply construct a trivial example. 
Consider, say 3 ® 3 BE state a, and the infinitely di- 
mensional Hilbert space Ti.. Let us define infinitely many 
"copies" of cr labelled by cr„, each of which has the matrix 
elements of the original a, but in basis Sn — j)}i"=3n- 
Let {pi}^i be a infinite sequence of nonzero probabili- 
ties, J2iLiPi — 1- Then the following state 

oo 

(T = © p„o-„, (2) 
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is bound entangled, but it has a trivial form from the 
continuous variables point of view |^5| . Actually, it can 
be reproduced with arbitrary accuracy performing local 
transformations on states which are of the 3 ® 3 type. 
Moreover, they can be produced in a reversible way. This 
follows from the fact that the states (t„ and cr„' are lo- 
cally orthogonal [0. That means that Alice and Bob 
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can distinguish them using local quantum actions and 
classical communication (LQCC) only. This can be done 
in a reversible way as both persons can forget the results 
of measurements. In effect, there is no entanglement be- 
tween states belonging to sets of Alice vectors 

and Bob ones |i)i"^3^, for n ^ n' . 

Thus, in the case of the states (||) we deal effectively 
with 3 (8) 3 type entanglement only. What does that mean 
from the formal, and more rigorous point of view? One 
should ask first what does that mean that a state repre- 
sents a generic TV (§) TV type entanglement. The answer 
to this question can be obtained immediately using the 
recently introduced definition of Schmidt rank [ p6[ for 
mixed states. Let us recall the definition: 

Definition.- Bipartite density matrix g has Schmidt 
rank K iff (i) for any decomposition of p, {pi > 0,\^i)} 
with p — J2iPi\'^i){''Pi\ at least one of vectors \ipi) has 
Schmidt rank K , and (ii) there exists a decomposition of 
g with all vectors {l^/ii)} of Schmidt rank at most K. 

Thus it is natural from the physical point of view to say 
that the state represents generic rank K entanglement iff 
it has Schmidt rank K. We introduce therefore: 

Definition.- A state g represents generic continuous 
variables or infinite Schmidt rank entanglement iff it is 
the limit of states gi„ of Schmidt rank Kn, with lim„ Kn = 
oo. 

In the following wc shall focus on the question of 
existence of generic continuous variables entanglement, 
which would be at the same time bound entanglement, 
i.e. entanglement which cannot be distilled. We will 
construct PPT states for continuous variables and argue 
that they represent generic infinite Schmidt rank entan- 
glement. 

For this aim consider first the state 

oo oo 

I*) = an\n,n),m\^ = ^ |a„|2 = q < oo, (3) 

n— 1 n— 1 

and the family of states 

|*rrm) = c,„a„|n,TO) + (c^) " ^ a„ |m, n) , (4) 

for n < m with (in general) complex a„ and c„ such 
that < \cn+i\ < |c„| < 1. Let us assume that the 
sum J2'^=i J2m>n ll^mnlP IS finite. This can be achieved 
for example by setting a„ = a", c„ — c" for some 
< a < c < 1. The sum becomes then a double geo- 



metric series and is given by a c (1 - 



a6(c2 -a2)-i(c2 
the matrix 



a ) . Under the above assumptions 



EE 

n— 1 m>n 



(5) 



with the normalising factor 



A 
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EEi 

n— 1 m>n 



represents a legitimate quantum state in the space ^(C)® 
P(C), where P{C) is the space of all complex sequences 
{zn}, X^S^i l^nP < It can be seen by inspection that 
the above state satisfies g = g'^^ , and thus has the PPT 
property. In fact we have chosen |*mn} in Eq. (^) to 
ensure this property. It follows immediately that pure 
state entanglement cannot be distilled from (H) . For this 
aim simple arguments from the Ref. |^ can be recalled, 
and applied to the separable superoperators in infinitely 
dimensional space. 

Subsequently we shall show that the above states are 
entangled, and, thus being the PPT states represent 
bound entanglement. To this aim we shall prove that 
the state (||) has the following property: 

Property.- Any local measurement of state g 



, P®QgP®Q 

Q = 



Tr{P®QgP®Q) 



(6) 



by means of P, Q projecting onto the space 
span{|?ii), \nK)} on Ahce and Bob's sides respectively 
results m K liSi K bound entangled state g' . From the 
above property it follows immediately that g is & bound 
entangled state. 

Proof.- Let us first prove that for any K the state 
g' \s a. K I® K BE state. To this aim we observe that 
after local filter operation corresponding to the operator 



V = diag[a„i,. 



on the Alice side, and a suitable 



unitary transformation Ui ®U2 (that transforms \nm) — > 
m) on both Alice and Bob's sides), the state becomes 
proportional to the particularly simple matrix: 



K K 



(7) 



with 1$) = Z]n=i 1"-'^*)' and |$m„) = am\n,m) + 
am~^\m,n) . In the following, we shall use the gen- 
eral definition of g' as well, but after the above defined 
local action the state E is proportional to the matrix 
with parameters am = Cn^- It means in particular that 
< Q!i+i < ai < 1. We shall prove that S does not have 
any product vector in its range, ergo that, if normalised, 
S is an entangled state. That will mean, however, also 
that the state g' is bound entangled, since the local filter- 
ing and the local unitary operations are reversible with 
nonzero probability. 

Suppose, that there was a nonzero product state {ip, (j)) 
in the range of the matrix (^. Since the range of S is 
spanned by its eigenvectors, there would exist some g, 
gij, i = I, K,j>i such that: 



K K 



ffi*) + EE5yi*y) = iV',< 



(8) 



i—l j>i 



Suppose first that we would have g 7^ in (^. Then, 
we could set g = 1, and the following constraints would 
immediately follow from (H): 
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ip = [xi, ...,xk], 

^=[{x^)-\...,{xk)-'] (9) 

for some numbers {xi} which are all nonzero. Substitut- 
ing (||) into (||) leads to the equations: 

Xi 
Xj 

for i = 1,...,K, j > i. (10) 

Since numbers {xi} are nonzero, the coefficients {gij} 
have to be nonzero too. Thus we have a? = (^)'^ for 
every i — 1,...,K — 1, j > i. We can, however, put 
xi — 1, and then we get that all xf's are equal, and that 

a^^l, forj==2,...,X-l. (11) 

This is in contradiction with the condition < a.^+i < 
ai < 1 fulfilled by S. 

Consider now the case when g = holds in equation 
(^. That would mean, keeping the same notation for ?/;, 
i.e. lip) — [xi, xk] that we could have \(j>) — [yi, i/k] 
with ?/i 7^ iff Xi = 0. But, if we examine the equation 
(^ under those conditions we get immediately that all 
Qij parameters must vanish, so that the whole LHS of 
the equation becomes then equal to zero. It means that 
there is no product vector in the range of the matrix E. 
Following previous discussion it is not difficult to see that 
the same holds for states g' , which arc thus (by virtue of 
the range criterion of Ref. [Q) entangled. Collecting all 
the above observations, we see that the Property of the 
original matrix g holds. □ 

Unfortunately, it is not easy to see that g' (g) repre- 
sents the generic rank K {oo) entanglement. In fact g' 
contains in the mixture the pure state of Schmidt rank 
K which cannot be distinguished from the rest of the 
mixture in a reversible manner, since its reduced density 
matrix has full rank K. Certainly, g does not consist of 
locally orthogonal representation of finite Schmidt rank 
entanglement. This can bee easily seen from the fact 
that local orthogonality is a stronger property than or- 
thogonality in case of pure states vectors. Had g been a 
locally orthogonal mixture of finite Schmidt rank state, 
the eigenvectors of g would have been locally orthogonal, 
and of finite Schmidt rank, which is obviously not true, 
since one of the eigenvectors of g is of infinite Schmidt 
rank. Nevertheless, we have not been able to show, so 
far, that the Schmidt rank of the proposed states is infi- 
nite. It is, however, quite likely that either these states, 
or some modification of them posses that property. 

Finite dimensional bound entangled states .- It is re- 
markable that as a byproduct we have obtained here a 
new family of K bound entangled states for an arbi- 
trary K. These are the states a = y^j^, with S violating 



one (or more) of the K — 1 conditions (pT|). In this nota- 
tion we recall the Choi matrix as a special case of E with 
K — 3, and all a's equal to 2 (see []T6[). 

The corresponding "entanglement witnesses" and pos- 
itive maps .- It should be pointed out that any BE state 
from the last paragraph (i. e. violating condition 

(prj)) has no product vector in its range. Thus the pro- 
jector P onto its range has no product vector in its range 
as well. This is the same as in the projector orthogonal 
to UPB set of vectors p^ , and thus mutatis mutandis 
the approach from the paper |^ can be immediately ap- 
plied to reproduce both entanglement witnesses, as well 
as the corresponding positive maps. 

Possibility of physical realization.- Let us now discuss 
a possibility of physical realization of the states of the 
type of g, as states of two photon modes of electromag- 
netic field of equal or similar frequency, and orthogonal 
polarisations. 

Let us set a„ = e~'^", c„ = e""*"", 7 < /?, and let us de- 
note the corresponding photon creation and annihilation 
operators of the two modes considered as A'' , A, B\ B, 
respectively. The state g can be represented as a mixture 

00 

g^m{^\ + J2gk, (12) 

k=l 

where 

gk^V6{B''B-A^A-k)V\ (13) 

where V = e^'^'^'' ^-^^^ ^ + C/g-f'^-'')^^'^, U is the uni- 
tary operator that transforms A photons into B pho- 
tons, while the operator function 6{.) is the operator val- 
ued Kronecker delta, d{x) — 0, except for a; = 0, when 
d{x) — 1. We propose the following prescription in order 
to generate the states corresponding to the subsequent 
terms in the mixture (|l2|): 

i) The state |^) ~ exp{—jB''A)\0, 0) can be created as a 
two mode squeezed state, for instance in the process of 
degenerate parametric amplification |l^ , ^^ . In fact, such 
states have been used for teleportation with continuous 
variables ||2^ . 

ii) Each of the terms pk can be obtained by applying 
the positive operator valued measurement to the states 
6k = 5{B'^ B — A — fc), that transforms (with some 
probability) 

5{B^B - A^A - fc) ^ V5{B^B - A'^ A - fc)W. 

iii) The operator V can be realized by using an ancilla 
(say a two level atom medium) with levels [0) and |1} 
that undergoes losses (via spontaneous emission, or ion- 
ization) proportional to —f3A^A — jB^B for the level |0) 
and —{(3 — j)B''B for |1), and dispersive dynamics gov- 
erned by the Hamiltonian /i oc \0){0\-\-iA'< B+B^ A)\1){1\. 
One should first prepare the ancilla in the state (|0) -f |1), 
wait appropriate time so that the dispersive dynamics 
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will realize the controlled U operation, |0)(0| + L''|l)(l|, 
and project the system then onto the initial ancilla state, 
iv) The main problem consist thus in generating the 

states Sk, 



n k=l 

These states cannot be normalised, but we can always 
regularize them by including part of the thermal noise 
operators into their definition. In order to realize the 
states 6k, we propose to use a K level ancilla {K- 
level atom) constituting a Kerr medium with the states 
i = 1,...,K. The Hamiltonian should now be 
h — J2i ^1 B'' where the intensity depen- 

dent energy shift of the i-th level is Ai{A'' A, B^^ B) — 
Xi^A'fA - B'^B + k). Kerr effect should be here of the 
opposite sign for the two modes in question, but of the 
same magnitude. The last term in represents normal 
linear phase shift. 

v) The idea is then to prepare the ii'-level ancilla in a 
more or less equal weight superposition of the states 
evolve then the system according to the dynamics gov- 
erned by h, and project at the end on the initial state 
of the ancilla. Note that in such case, the action of such 
"phase shifter" on the state |n, m) will be 



,ixi {n — rn-\-k) 



n, m), 



(14) 



which, if K is sufficiently large and Xi cover a broad vari- 
ety of phases, provides a finite bandwidth approximation 
of the Kronecker delta. 

Summarising, we have presented the first nontrivial ex- 
ample of bound entangled states for continuous variables. 
We have presented strong evidence that these state rep- 
resent generic bound state entanglement of infinite rank. 
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